which is approximately a solid wall of wavelength I centered at y =0. He found a continuous supercritical flow with local supersonic regions. The solution was also attempted with the alternative boundary condition, a4/ay = K cos (2rrx/l) on y = 0. This however did not lead to smooth solutions. For the case of an exactly sinusoidal wall, the perturbation series solution of Imai and Oyama [7] using the thin-wing expansion method seems to be divergent above the critical Mach number. In works by Kaplan [8] , [9] the perturbation series for the velocity potential, computed using the transonic small perturbation equation, is also found to diverge above the critical Mach number. More recently, Bollmann [10] extended the perturbation series of Kaplan, to 40 terms, using a computer and his analysis of the series led to the same conclusion.
The present study may be regarded as an extension of the approach of G6rtler. We consider steady, inviscid, irrotational compressible flow in the upper half plane (y _ 0) with the boundary condition is the velocity potential and c is a parameter which is varied. Although (1.2a) is unusual for gas dynamics it is not in the context of heat flow in which it appears in the Robin problem [11] .
Note that there is no uniform upstream flow in this formulation. However, it can be assumed that a blowing and suction mechanism along y =0 occurs so that the desired flow field is obtained and satisfies the above boundary conditions. The rationale behind constructing such flows is to reduce the algebra in computing the perturbation series. Since there is no upstream flow in the problem, the perturbation parameter will not be the free stream Mach number as is usually the case for the Jansen-Rayleigh expansion. Indeed, from energy conservation, we have where U is defined in the boundary condition (1.2a). The boundary condition imposed along y = 0 varies with different values of the parameter c (see 1.2a). With each such boundary condition, the perturbation series for the velocity is developed up to 36 terms. Then the location and nature of the singularity nearest to the origin of each of the series are investigated using Domb and Sykes' ratio method [12] , [13] and Pade approximants [14] [15] [16] [17] [18] [19] [20] . The radius of convergence of the series is compared with the value 8cr at which local sonic speed is first attained.
This present work may be regarded as a regular perturbation problem. Unlike the classical approach of calculating the higher order terms of the perturbation series analytically, the routine labour is delegated to a computer. This work contributes another example to the subject of extending perturbation series by a computer in fluid mechanics. Excellent reviews of this subject have been given by Van We will address the singularities evident in (2.11) in ? 3. It has been checked that the maximum velocity occurs at y =0 and x = rr/2 + 2nir, n an integer. For example, taking c = 0 gives the maximum velocity to be In the following section, the series are analyzed to find their singularities and hence their radii of convergence, 5iim. In each case, the radius of convergence is compared with 8cr, the value at which sonic speed is first attained. Equality of the two quantities is often taken to mean that smooth continuous flow does not exist beyond sonic conditions; as we pointed out in the Introduction this assertion is in general unwarranted. To get the best estimate of the limit of the sequence of approximations to 8cr, one can employ a nonlinear transformation to hasten the rate of convergence [24] . An Table 3 lists the values of 8c, for various q42ax-series. The determination of the values is based on the apparent convergence in applying the E-algorithm.
When c> 1, the radius of convergence of the q2-series is limited by the nearest singularity lying on the negative real axis of 8. Though this singularity is nonphysical, Tables 1 and 2 shows that the signs are either fixed or alternating. This suggests that the nearest singularities will probably be of algebraic type, the usual kind in most solution of physical problems. Neville tables are constructed to find the location of nearest singularity for different q2 -series. where the coefficients rO, * , rm, Si, ** , sn are uniquely determined so as to make the first m + n + 1 terms of the expansion of (3.9) agree with the corresponding terms in ( / 5lim)(1 -a/ na) . However, the nature of singularity structure suggested by such behavior is still not known.
Examination of the coefficients of the q2-series in
(i) 0_ c < 1. Table 5 locates the nearest singularity 81im and critical exponent P for various values of c in this range. Comparison of this table with Table 3 indicates that within numerical tolerance 8iim = 8cr. Thus the series solution (2.11) ceases to converge beyond the critical value. Although nothing definite can be said about the smoothness of flows for 8 > 1im = Scr, it is perhaps likely that shocks do occur then since the singularity is on the positive real axis.
(ii) c < 0. Table 6 locates the nearest singularity Slim for various values of c less than 0. As mentioned above, the nature of the nearest singularity is not of algebraic type and therefore the critical exponent is not applicable in this range. Comparison of Table 6 with Table 3 shows that ilim> 8cr by 1 to 3 percent on average. Hence the series solution converges beyond 8 = Sr and smooth flows persist beyond sonic conditions. The case c > 1 will be discussed separately later in this section. Table 7 we give results of the sort given previously. We first note that the singularity, which is of square root type, lies on the negative real axis and is therefore unphysical. Also we see that 1jim can be quite small in magnitude. In fact convergence of the series (2.10), (2.11) is now restricted to values of 8 well below 8.r, i.e., convergence fails before sonic conditions are achieved (see Fig. 3 ). On the other Values of q2ax and M2 were calculated up to relatively large values of 8 using the Euler transformed series and Pade approximants. The agreement of the two methods was excellent. Results of these calculations are plotted in Fig. 5 and Fig. 6, respectively. Additional comments. We also repeated the series analysis described above using the velocity potential instead of q2. The results were the same except in the case c = 0.
When c = 0, 0 = U sin x at y = 0 and the 4 expansion is reduced to a single term.
For each of the cases in which the critical exponent could be identified the nature of the singularity appears to be close to a square root branch point. Since this implies a double valuedness in the neighborhood of Slim a likely course to pursue is inversion of the q2ax-series. These inverted series were investigated to find the nature and location of the nearest singularity but the Neville tables do not exhibit marked converging trends. Also the Pade tables gave estimates of the nearest singularity of the inverted series which were close to that of the original series. In this sense the reversion procedure provides no further information about the nature of the series.
In the study by Bollmann [10] of subsonic flow along a sinusoidal wall in the transonic approximation he reported that the series expansion of the Umax was a Stieltjes series, with the result that the series failed to converge beyond the critical Mach number. The point is that exponentially small terms contributed. We therefore applied the test for Stieltjes series to our case but found that the basic moment property failed, so Bollmann's procedure could not be applied. It is interesting, and perhaps disquieting, to observe that at successive orders only the Poisson equation is solved, even though in a number of cases the problem is mixed elliptic-hyperbolic. Thus we have constructed continuous solutions beyond sonic conditions using only elliptic operators.
